Introduction
In this paper we wish to examine a generalization of the splitting theorem of Cheeger-Gromoll [CG] to Riemannian orbifolds. Roughly speaking, a Riemannian orbifold is a metric space locally modelled on quotients of Riemannian manifolds by finite groups of isometries. The term orbifold was coined by W. Thurston [T] sometime around the year 1976-77. The term is meant to suggest the orbit space of a group action on a manifold. A similar concept was introduced by I. Satake in 1956 , where he used the term Vmanifold (See [S1] ). The "V" was meant to suggest a cone-like singularity. Since then, orbifold has become the preferred terminology.
Recall that if M is a complete connected n-dimensional Riemannian manifold with nonnegative Ricci curvature that contains a line, then the CheegerGromoll Splitting Theorem [CG] states that that M is isometric to N × R. Recall that a line is a unit speed geodesic γ : R → M such that for any s, t ∈ R, d(γ(s), γ(t)) = |s − t|.
Theorem 1 Let O be a complete n-dimensional Riemannian orbifold with nonnegative Ricci curvature. If O contains a line, then O splits isometrically as O = N × R where N is a complete Riemannian orbifold with nonnegative Ricci curvature.
Theorem 2 Let O be a compact Riemannian orbifold with nonnegative Ricci curvature and letÕ denote its universal orbifold cover. ThenÕ = N × R , where N is compact and ≥ 0. Also, there exists a short exact sequence
where F is a finite group and C is a discrete cocompact group of isometries acting on R . That is, C is a crystallographic group.
To prove these results we will need several results about orbifolds. All of these results can be found in the first author's Ph.D. thesis [B1] . A basic reference on general orbifolds is [T] .
We would like to thank Professor Peter Petersen for many helpful discussions regarding this work. Each point x ∈ U in an orbifold O is associated a group Γ x , well-defined up to isomorphism: Let U =Ũ/Γ be a local coordinate system. Letx,ỹ be two points which project to x. Let Γx be the isotropy group ofx. Then if γ ∈ Γ is the isometry such that γx =ỹ, it is not hard to see that the isotropy group ofỹ must be γΓxγ −1 . Hence, the two isotropy groups are conjugate. Thus, up to isomorphism they can be regarded as the same group. We will denote this group by Γ x . It can be shown (see [B1] or [S2] ) that Γ x up to isomorphism, is also independent of coordinate system U . Let Remark 6 Since Riemannian orbifolds are locally (open) Riemannian manifolds modulo finite group actions, it follows that the singular set, locally, is the image of the union of a finite number of closed totally geodesic submanifolds ofŨ . Since any submanifold ofŨ has empty interior inŨ , we can conclude that the singular set is closed and has empty interior.
Basic Definitions
In order to do Riemannian geometry on orbifolds we need to know how to measure the lengths of curves. To do this, we lift curves locally, so that we may compute their lengths locally in fundamental neighborhoods. Finally, we add up these local lengths to get the total length of the curve. The problem of course, is that locally these lifts are not unique. It will turn out, however, that the length of a curve is well-defined. We refer to [B1] for the details. We are now in a position to give a length space structure to any Riemannian orbifold O. Given any two points x, y ∈ O define the distance d(x, y) between x and y to be (x, y) . See [G] . The following structure result for minimizing segments in orbifolds will be of fundamental importance. A proof can be found in [B2] .
Proposition 7
Let O be a Riemannian orbifold, and let γ : [a, b] → O be a minimizing segment (a = −∞, b = +∞ is permissible). Then the isotropy group is constant along γ| (a,b) . This means that for any s, t ∈ (a, b),
Remark 8 Intuitively, this means that a minimizing curve cannot pass through the singular set and remain minimizing. Actually, the proposition says more: in fact, a minimizing curve cannot change strata and still remain minimizing. See [B2] .
The following observation is clear, but we feel that it should be pointed out explicitly since it will be used throughout the remainder of this paper.
The following example illustrates how Observation 9 is used in the sequel.
Example 10 LetŨ p = R 2 ,p = (0, 0) and let Γ p be the cyclic group of order 4, generated by rotation aboutp through an angle of π/2 radians. U p is then a flat cone. Fix q ∈ U p and consider the distance function ρ :
). Equality will hold ifq is fixed by all of Γ p , but in general inequality holds. For instance, in the above situation, takeq = (1, 0),
The proof of the Splitting theorem will use the notions of weak (super)-harmonicity, so for completeness we recall the following definition.
Definition 11 Let M be a Riemannian manifold. A continuous function
f : M → R is said to satisfy ∆f (weakly) ≤ ϕ for some function ϕ, if for each p ∈ M and ε > 0, there exists a support function f p,ε defined on a neighborhood U of p with (i) f p,ε (p) = f (p) (ii) f p,ε (q) ≥ f (q) (iii) ∆f p,ε (q) ≤ ϕ(q) + ε where f p,ε is C 2 on U
Definition 12 Let O be a Riemannian orbifold. A continuous function f :
O → R is said to satisfy ∆f (weakly) ≤ ϕ for some function ϕ, if the pullback functionf = f • π :Ũ p → R satisfies ∆f (weakly) ≤φ in the sense of the previous definition.
In the remainder of the paper we will denote functions on the orbifold by standard symbols: f, g. The corresponding pull-back functions will be denoted with tildes:f,g.
The Laplacian Comparison Theorem
In this section we generalize the Laplacian Comparison theorem of Calabi [C] to Riemannian orbifolds. Let
Take a finite covering of γ by fundamental neighborhoods
Without loss of generality, let U 0 = U x 0 . Now lift γ toŨ 0 , denote this lift byγ. If x 0 ∈ Σ, choose the lift that lies inD 0 . Now construct a Riemannian manifold M as follows: Let π i :Ũ i → U i denote the local projections. From the orbifold structure, we have isometries
by choosing the unique geodesic inŨ 1 , with tangent vectorγ (t 1 ). Continuing inductively definesγ uniquely in M .
Letp =γ(1). Let d M be the distance function on M , and let ρ
Note that forx in a neighborhood ofx 0 , we have
The last inequality follows from Observation 9. Now by standard Laplacian comparison
This implies that
since ρ M is a (continuous) support function forρ atx 0 . Since x 0 was arbitrary, the proof is now complete.
The Maximum principle of Calabi [C] 
Proof:
If f has a global minimum, thenf = f • π has a global minimum onŨ . Thus, by standard maximum principle,f ≡ const onŨ which implies f ≡ const (at least locally). A connectedness argument then gives the desired conclusion. This completes the proof.
Busemann Functions
The main result of this section is to show that Busemann functions on orbifolds with nonnegative Ricci curvature are (weakly) superharmonic. We first recall the relevant definitions and summarize basic facts.
Let γ : [0, ∞) → O be a unit speed ray. This means that γ| [0,t] (
We now come to the main result of this section.
Proposition 15 If O has nonnegative Ricci curvature, then the Busemann function for any ray is superharmonic.
Proof: We use the notation above. We want to show that for fixed p ∈ O, ∆b(p) (weakly) ≤ 0. Note that by our previous considerations forx ∈Ũ p we haveb
Hence it suffices to show that ∆b(p) (weakly) ≤ 0. To do this we construct support functions forb atp. As in the proof of the Laplacian comparison theorem, construct a Riemannian manifold M , by lifting the asymptote γ through p, toγ in M , throughp. Then forx in a neighborhood ofp, (namelỹ
Sincep is not in the cut locus forγ(r), thenb r is C ∞ in a (possibly smaller) neighborhood ofp. Then 0 =b(p) =b r (p)
forx in a neighborhood ofp. By Laplacian comparison, we have
Hence ∆b(p) (weakly) ≤ 0 sinceb r (x) is a support function forb(x) atp. This completes the proof.
The Splitting Theorem
We are now in a position to prove the Splitting Theorem. The proof will touch on various ideas from [CG] , [CGL] , [EH] . We use the notation of the previous sections. Assume O is a complete Riemannian orbifold with nonnegative Ricci curvature and that O contains a line γ : R → O. Define b + as the Busemann function for γ + = γ| [0,∞) and b − the Busemann function for γ − = γ| (−∞,0] . Thus,
The triangle inequality implies that b + +b − ≥ 0 for all x. Since γ is a line it is easy to see that b We next show that through each point p ∈ O, there is a line passing through p. To this end, let γ ± denote asymptotes to γ ± through p, and let γ(t) = γ ± (±t), where ± is chosen according to whether t is positive or negative. Then for any t 1 , t 2 ∈ R we have
Here we have used the identity b
From this it follows that (b 
This implies that ∇b ± (x) = ∇b ± (x). Thus,
We now complete the proof of the Splitting theorem. Let p ∈ O be arbitrary, and consider a fundamental neighborhood U p of p, and its local chartŨ p . Assume p ∈ b 
is diffeomorphism onto its image. Since ∇b + is parallel, it follows that Φ is an isometry. Since curves of the form (ñ, t) forñ ∈Ñ p fixed, project to asymptotes through n = π(ñ), and since these asymptotes are lines, we conclude by Proposition 7 that Γ p must fix the second factor in the local splitting, and hence
Let N p =Ñ p /Γ p . We have shown that O splits as a local product, we now claim that O is a global product.
, where γ x is the asymptotic line to γ through x. Then Ψ is injective since two asymptotic lines cannot intersect, and Ψ is surjective since every point has an asymptote through it and |∇b + | = 1. It is clear that Ψ is a homeomorphism. We claim that Ψ is a local (distance) isometry from which it will follow that Ψ is a global (distance) isometry and we will be done. Let p ∈ O, and let p 0 be its projection onto H. Let γ be the subset of the line joining p 0 to p,
Partition the interval (−ε, t p +ε) into subintervals I i such that O splits locally along γ| I i . This gives rise to a chain of product neighborhoods covering γ, say N i = W i × I i . Since each of these neighborhoods split off γ isometrically, we see that the overlap of any two such adjacent neighborhoods is isometric to a product of the form V × J where J is an open interval. Using these overlaps we can construct the desired product neighborhood. In particular, we have shown that O splits locally isometrically like H × R. Thus, since Ψ is a homeomorphism and a local (distance) isometry it is easy to see that Ψ is a global isometry. Explicitly, let p, q ∈ H × R, and let σ be a minimizing segment joining p to q. Then Ψ(σ) is a curve in O joining Ψ(p) to Ψ(q). Since Ψ is a local (distance) isometry, it follows that the length of Ψ(σ) is the same as that of σ. (We are using here of course the standard definition of length of curve for an inner metric space). Hence we conclude
. The opposite inequality follows by applying the same argument to Ψ −1 . The proof is now complete.
The Universal Orbifold Cover and Fundamental group
We now focus our attention on Theorem 2, but first we recall the following definitions and facts concerning the orbifold fundamental group. See [T] or [Sc] . We now give the proof of Theorem 2. Although the proof is more or less the same as in the Riemannian manifold case, we give a detailed proof since the arguments used here emphasize the length space structure rather than the Riemannian structure and are somewhat different in flavor than the standard ones. This difference is most notable in the proof that the isometry group of the universal orbifold cover splits.
Proof of Theorem 2:
Apply Theorem 1 to split the universal orbifold cover asÕ = N × R , where N contains no lines. Then the isometry group ofÕ splits as Iso(Õ) = Iso(N ) × Iso(R ). To see this, note that if γ(t) = γ 1 (t), γ 2 (t) : R → N × R is a line, then both γ 1 and γ 2 are lines, and hence
The first observation is that for fixed p ∈ N , the function ϕ 1 (p, ·) : R → N is constant. This follows by considering two intersecting lines γ, τ in R . Let γ(0) = τ (0) and let ϕ p, γ(t) = q, γ (t) and ϕ p, τ (t) = q , τ (t) . Then γ , τ are lines and we have
In particular, q = q . Since in R given any two lines there is a third line (which may be one of the original lines) intersecting the original two, it follows easily that ϕ 1 p, γ(t) ≡ q for all lines γ ⊂ R . This suffices to establish the first observation. We next observe that ϕ 1 (p, y) = ϕ 1 (p) : N → N is an isometry. To see this, let γ be a line in R . Then for any p, q ∈ N ,
where ϕ(p, γ) = (p , γ ) and ϕ(q, γ) = (q , γ ). In particular, it follows that
Applying the same argument using ϕ −1 , p , q in place of ϕ, p, q gives the reverse inequality. Hence ϕ 1 is an isometry. Furthermore, we can now conclude from the last series of equalities that ϕ 2 p, γ(t) = γ (t) = γ (t) = ϕ 2 q, γ(t) . This shows that for fixed y ∈ R , the function ϕ 2 (·, y) : N → R is constant. Finally, since ϕ and ϕ 1 are isometries, it follows that ϕ 2 (p, y) = ϕ 2 (y) : R → R is an isometry. The totality of the previous arguments show that all isometries ϕ of N × R are of the form ϕ(p, y) = ϕ 1 (p), ϕ 2 (y) with ϕ 1 , ϕ 2 isometries of N and R respectively. Hence there is a natural isomorphism Iso(Õ) → Iso(N ) × Iso(R ). Let pr 1 , pr 2 denote the respective projections.
We now show by contradiction that N is compact. The details for this part are essentially the same as those in [P] . If N were not compact, then a standard application of the Arzela-Ascoli theorem gives the existence of a ray γ : [0, ∞) → N . Regarding π orb 1 (O) ⊂ Iso(Õ) as a group of isometries acting onÕ, we see that as Riemannian orbifolds O =Õ/π orb 1 (O). Note that π orb 1 (O) acts (properly) discontinuously onÕ since O is Hausdorff. By assumption, O is compact, so there exists a compact setK ⊂Õ such that for all x ∈Õ, there exists g ∈ π orb 1 (O) so that gx ∈K. Let K = pr 1 (K). Thus, for each γ(t), t > 0, there exists g t ∈ pr 1 (π orb 1 (O)) so that g t (γ(t)) ∈ K. Extract a convergent subsequence g t i (γ(t i )) → p ∈ K ⊂ N , with t i → ∞. Define γ i : [−t i , ∞) → N by γ i (t) = g t i (γ(t + t i )). The γ i 's are rays and by the Arzela-Ascoli theorem a subsequence must converge to a line. This is a contradiction and thus N is compact.
The desired result now follows by considering the kernel of the homomorphism pr 2 : π orb 1 (O) → Iso(R ). The kernel F of pr 2 is finite. For, if not, let ϕ n be a sequence of mutually distinct isometries of N such that (ϕ n , id) ∈ F . Fix p ∈ N . Then (ϕ n , id) · (p, 0) = (ϕ n (p), 0) contains a convergent subsequence, since N is compact. This is a contradiction since π orb 1 (O) acts (properly) discontinuously. Hence F is finite and we have the desired exact sequence:
To verify that C is a crystallographic group, it suffices to check that C acts (properly) discontinuously on R . Suppose not, then there exists y ∈ R and a sequence of isometries (ψ n , ϕ n ) ∈ π orb 1 (O) with the ϕ n mutually distinct and ϕ n (y) → z ∈ R . Again, since N is compact, we may assume that ψ n = ψ for all n. But then, (ψ, ϕ n ) · (p, y) → (ψ(p), z) contradicting the fact that π orb 1 (O) acts (properly) discontinuously. This completes the proof.
Remark 21
It is useful to note that if X is any inner metric space such that X = Y × R , where Y contains no lines, then the argument in the proof of
